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Abstract Highest-weight representations of infinite dimensional Lie algebras and 
Hilbert schemes of points are considered, together with the applications of these 
concepts to partition functions, which are most useful in physics. Partition functions 
(elliptic genera) are conveniently transformed into product expressions, which may 
inherit the homology properties of appropriate (poly)graded Lie algebras. Specifi- 
cally, the role of (Selberg-type) Ruelle spectral functions of hyperbolic geometry in 
the calculation of partition functions and associated ^-series are discussed. Exam- 
ples of these connection in quantum field theory are considered (in particular, within 
the AdS/CFT correspondence), as the AdS3 case where one has Ruelle/Selberg spec- 
tral functions, whereas on the CFT side, partition functions and modular forms arise. 
These objects are here shown to have a common background, expressible in terms 
of Euler-Poincare and Macdonald identities, which, in turn, describe homological 
aspects of (finite or infinite) Lie algebra representations. Finally, some other appli- 
cations of modular forms and spectral functions (mainly related with the congruence 
subgroup of SL(2, Z)) to partition functions, Hilbert schemes of points, and symmet- 
ric products are investigated by means of homological and K-theory methods. 



1 Introduction 

This paper deals with highest-weight representations of infinite dimensional Lie al- 
gebras and Hilbert schemes of points, and considers applications of these concepts 
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to partition functions, which are ubiquitous and very useful in physics. The role of 
(Selberg-type) Ruelle spectral functions of hyperbolic geometry in the calculation of 
the partition functions and associated ^-series will be discussed. Among mathemati- 
cians, partition functions are commonly associated with new mathematical invari- 
ants for spaces, while for physicists they are one-loop partition functions of quantum 
field theories. In fact, partition functions (elliptic genera) can be conveniently trans- 
formed into product expressions, which may inherit the homological properties of 
appropriate (poly)graded Lie algebras. In quantum field theory the connection re- 
ferred to above is particularly striking in the case of the so-called AdS/CFT corre- 
spondence. In the anti de Sitter space AdS3, for instance, one has Ruelle/Selberg 
spectral functions, whereas on the conformal field theory (CFT) side, on the other 
hand, one encounters partition functions and modular forms. What we are ready to 
show here is that these objects do have a common background, expressible in terms 
of Euler-Poincare and Macdonald identities which, in turn, describe homological as- 
pects of (finite or infinite) Lie algebra representations, what is both quite remarkable 
and useful. 

Being more specific, we will be dealing in what follows with applications of 
modular forms and spectral functions (mainly related to the congruence subgroup 
of 5L(2,Z)) to partition functions, Hilbert schemes of points, and symmetric prod- 
ucts. Here are the contents of the paper. In Sect. [2] we shortly discuss the case of 
two-geometries and then present Thurston's list of three-geometries. This list has 
been organized in terms of the corresponding compact stabilizers being isomorphic 
to 5(9(3), 5(9(2), or the trivial group {1}, respectively. The analogue list of four- 
geometries and the corresponding stabilizer subgroups are considered in Sect. 2.3. 
Special attention is paid to the important case of hyperbolic three-geometry. 

In Sect. [3] we introduce the Petterson-Selberg and the Ruelle spectral functions 
of hyperbolic three-geometry. Later, in Sect. 13.11 we consider examples for which 
we explicitly show that the respective partition functions can be written in terms 
of Ruelle's spectral functions associated with ^-series, although the hyperbolic side 
remains still to be explored. In Sect.|4]we briefly explain the relationship existing be- 
tween the Heisenberg algebra and its representation, and with the Hilbert scheme of 
points in Sect. 14.11 This allows to construct a representation of products of Heisen- 
berg and Clifford algebras on the direct sum of homology groups of all components 
associated with schemes. Hilbert schemes of points of surfaces are discussed in 
Sect. 14.21 we rewrite there the character formulas and Gottsche's formula in terms 
of Ruelle's spectral functions. 

In Sect. 14.31 we pay attention to the special case of algebraic structures of the 
K-groups Kfj rN (X N ) of rAr-equivariant Clifford supermodulus on X N , following the 

lines of (TJ. This case is important since the direct sum ,^^{X) = ®^Kg r (X N ) 
naturally carries a Hopf algebra structure, and it is isomorphic to the Fock space of 
a twisted Heisenberg superalgebra with K^ r (X) = Kr(X). In terms of the Ruelle 
spectral function we represent the dimension of a direct sum of the equivariant K- 
groups (related to a suitable supersymmetric algebra). We analyze elliptic genera 
for generalized wreath and symmetric products on A^-folds; these cases are exam- 
ples of rather straightforward applications of the machinery of modular forms and 
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spectral functions discussed above. Finally, in the conclusions, Sect. [5] we briefly 
outline some issues and further perspectives for the analysis of partition functions 
in connection with deformation quantization. 



2 Classification of low-dimensional geometries 

The problem of the classification of geometries is most important in complex anal- 
ysis and in mathematics as a whole, and also plays a fundamental role in physical 
theories. Indeed, in quantum field theory functional integration over spaces of met- 
rics can be separated into an integration over all metrics for some volume of a defi- 
nite topology, followed by a sum over all topologies. But even for low-dimensional 
spaces (say, for example, the three-dimensional case) of fixed topology, the moduli 
space of all metric diffeomorphisms is infinite dimensional. And this leads back to 
the deep mathematical task associated with the classification problem. In this sec- 
tion we present a brief discussion of the classification (uniformization) issue and of 
the sum over the topology for low-dimensional cases, allong the lines of |2][3][4]. 

All curves of genus zero can be uniformized by rational functions, those of genus 
one by elliptic functions, and those of genus higher than one by meromorphic func- 
tions, defined on proper open subsets of C. These results, due to Klein, Poincare 
and Koebe, are among the deepest achievements in mathematics. A complete solu- 
tion of the uniformization problem has not yet been obtained (with the exception of 
the one-dimensional complex case). However, there have been essential advances in 
this problem, which have brought to the foundation of topological methods, cover- 
ing spaces, existence theorems for partial differential equations, existence and dis- 
tortion theorems for conformal mappings, etc. 

Three-geometries. According to Thurston's conjecture |]5], there are eight model 
spaces in three dimensions: 



An important remark is in order. This conjecture follows from considering the iden- 
tity component of the isotropy group, F = Fy of X, through a point, x, F is a 
compact, connected Lie group, and one must distinguish the three different cases: 
F = 5(9(3), 5(9(2) and{l}. 

1. F = 5(9(3). In this case the space X has constant curvature: R 3 , 5 3 (modeled on 
R 3 ) or H 3 (which can be modeled on the half-space R 2 x R + ). 

2. F = 5(9(2). In this case there is a one-dimensional subspace of TX that is in- 
variant under F, which has a complementary plane field P x . If the plane field P x 
is integrable, then X is a product R x 5 2 or R x H 2 . If the plane field P x is non- 
integrable, then X is a non-trivial fiber bundle with fiber 5 : 5 1 >• X -» £g>2 




R 3 (Euclidean space) , 5 3 (spherical space) , H 3 (hyperbolic space) 
H 2 xR, 5 2 xR, 5L(27i), Nil 3 , Sol 3 
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(SL(2,R) — geometry), E g stands for a surface of genus g, S [ ^X^>T 2 (NiP- 
geometry) orS 1 S 2 (S 3 — geometry). 

3. r = {1}. In this case we have the three-dimensional Lie groups: SL(2,R) , Nil 3 , 
and Sol 3 . 

The first five geometries are familiar objects, so we briefly discuss the last 

three of them. The group SL(2,M) is the universal covering of 5L(2,R), the three- 
dimensional Lie group of all 2 x 2 real matrices with determinant equal to 1 . The 
geometry of Nil is the three-dimensional Lie group of all 3 x 3 real upper trian- 
gular matrices endowed with ordinary matrix multiplication. It is also known as the 
nilpotent Heisenberg group. The geometry of Sol is the three-dimensional (solvable) 
group. 

Four-geometries. The list of Thurston three-geometries has been organized in terms 
of the compact stabilizers F. The analogue list of four-geometries can also be or- 
ganized using connected groups of isometries only (Table 2). Here we have the 

Table 2. List of the four-geometries 



Stabilizer-subgroup F Space X 



SO(4) 


R 4 , S 4 , H A 


17(2) 


cp 2 , :ir 


50(2) x 50(2) 


S 2 x R 2 , S 2 x 5 2 , S 2 x H 2 , H 2 x R 2 , H 2 x H 2 


50(3) 


S 3 x R, H 3 x R 


50(2) 


Nil 3 x R, P5L(2,R) x R, Sof 


S 1 


F A 


trivial 


Nil 4 , Sol* n n (including Sol 3 x R),5o/ 4 



four irreducible four-dimensional Riemannian symmetric spaces: sphere S 4 , hyper- 
bolic space H 4 , complex projective space CP 2 , and complex hyperbolic space CH 2 
(which we may identify with the open unit ball in C 2 , with an appropriate met- 
ric). The other cases are more specific and we shall illustrate them for the sake of 
completeness only. 

The nilpotent Lie group Nil 4 can be presented as the split extension M 3 x y M 
of R 3 by R, where the real 3-dimensional representation U of R has the form 

/0 10\ 

U (t) = exp(fB) with B = 1 .In the same way, the soluble Lie groups 

\000/ 

Sol 4 nn = R 3 y>T m „ R, on real three-dimensional representations T m n of R, T mjl (t) = 
exp(fC„,,„), where C m>n = diag(a,/3,y) and a + /3 + y= for a>/3>y. Fur- 
thermore e a , eP and are the roots of X 3 — mk 2 + nX — 1 =0, with m, n positive 
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integers. If m — n, then j3 = and Sol^ „ = Sol 3 x R. In general, if C„,,„ « C m / y, then 
5o/ 4 „ = So/*, It gives infinitely many classes of equivalence. When m 2 n 2 + 18 = 

4(m 3 +« 3 ) + 27, one has a new geometry, 5o/q, associated with the group 5(9(2) of 
isometries rotating the first two coordinates. The soluble group Sol 4 , is most con- 

(flbc\ ' 

veniently represented as the matrix group < a a : a,a,A,ceR,a>0 

(\00lj 

Finally, the geometry F 4 is associated with the isometry group R 2 x: PSL(2,B.) and 
stabilizer 50(2) . Here the semidirect product is taken with respect to the action of 
the group PSL(2,R) on R 2 .The space F 4 is diffeomorphic to R 4 and has alternating 
signs in the metric. A connection of these geometries with complex and Kahlerian 
structures (preserved by the stabilizer F) can be found in |3_). 

We conclude this section with some comments. In two-dimensional quantum the- 
ory it is customary to perform the sum over all topologies. Then, any functional in- 
tegral of fixed genus g can be written in the form: f[Dg] = £~ =0 | (fixed genus) [Dg] . A 
necessary first step to implement this in the three-dimensional case is the classifica- 
tion of all possible three-topologies (by Kleinian groups). Provided Thurston's con- 
jecture is true, every compact closed three-dimensional manifold can be represented 
as Ur=i G n jr n( , where rig € (1 , 8) represents one of the eight geometries, and F 
is the (discrete) isometry group of the corresponding geometry. It has to be noted that 
gluing the above geometries, characterizing different coupling constants by a com- 
plicated set of moduli, is a very difficult task. Perhaps this could be done, however, 
with a bit of luck, but the more important contribution to the vacuum persistence am- 
plitude should be given by the compact hyperbolic geometry, the other geometries 
appearing only for a small number of exceptions [jfrj. Indeed, many three-manifolds 
are hyperbolic (according to a famous theorem by Thurston (21). For example, the 
complement of a knot in 5 3 admits a hyperbolic structure unless it is a torus or satel- 
lite knot. Moreover, according to the Mostow Rigidity Theorem Q, any geometric 
invariant of a hyperbolic three-manifold is a topological invariant. Our special in- 
terest here is directed towards hyperbolic spaces. Some examples of partition func- 
tions and elliptic genera written in term of spectral functions of H 3 spaces and their 
quotients by a subgroup of the isometry group PSL(2,C) = 5L(2,C)/{±1} can be 
found in E|9). 



3 The Ray-Singer norm. Hyperbolic three-geometry 



If £ p is a self-adjoint Laplacian on p-forms then the following results hold. There 
exists e, 8 > such that for < t < 8 the heat kernel expansion for Laplace opera- 
tors on a compact manifold X is given by Tr (e~'~i') = Y.a<t<t a l{^p) t + 0{t £ ). 
The zeta function of £„ is the Mellin transform 



e(4c P ) = an 



Tre 



-r£„ 



Tre- t£ "t s 



-l 



dt. 



(1) 
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This function equals Tr(£ p 5 ) for s > (l/2)dimX. Let % be an orthogonal rep- 
resentation of K\ (X). Using the Hodge decomposition, the vector space H{X;%) of 
twisted cohomology classes can be embedded into Q (X ; % ) as the space of harmonic 
forms. This embedding induces a norm | • \ RS on the determinant line detH(X;x)- 
The Ray-Singer norm | • | \ RS on detH(X; %) is defined by (TO) 



\RS d £f I iRS 



dimX 

n 

p=Q 



exp ( - — £{s\£ p )\ s =o 



-\)Pp/2 



(2) 



where the zeta function £(s|£ p ) of the Laplacian acting on the space of /j-forms 
orthogonal to the harmonic forms has been used. For a closed connected orientable 
smooth manifold of odd dimension, and for the Euler structure 77 e Eul(X), the 
Ray-Singer norm of its cohomological torsion x an (X;r\) = T mi (X) 6 detH(X;x) is 
equal to the positive square root of the absolute value of the monodromy of % along 
the characteristic class c(r}) eH l (X) flj]: \\x an (X)\\ RS = \det x c(rj)\ 1 / 2 . And in the 
special case where the flat bundle % is acyclic (namely the vector space H q {X;x) of 
twisted cohomology is zero), we have 



dimX 

[T fln (Z)] 2 = |det z c(77)| II 

P=0 



exp ( - — £(s\£ p )\ s=0 



(-iV'^p 



(3) 



3.1 Spectral functions of hyperbolic three-geometry 

For a closed oriented hyperbolic three-manifold of the form Xp = i/ 3 /F and for 
acyclic % the analytic torsion reads £12] [13] Q3) : [x an {Xr)] 2 = &(0), where £%{s) is 
the Ruelle function^ A Ruelle type zeta function, for Re s large, can be defined as the 
product over prime closed geodesies 7 of factors det(7 — ^ (y)e~ i ^ 1 ' > ), where £(Y) is 
the length of 7, and can be continued meromorphically to the entire complex plane 
C lfl6l . The function £${s) is an alternating product of more complicated factors, 
each of which is a Selberg zeta function Zr{s). The relation between the Ruelle and 
Selberg functions is: 

dimX-l 

M{s)= fl Zr( P + s) ( - l)J . (4) 

p=0 

The Ruelle function associated with closed oriented hyperbolic three-manifold Xp 
has the form: @{s) = Z r (s)Z r (2 + s)/Z r (l + s). 



1 Vanishing theorems for the type (0, q) cohomology of locally symmetric spaces can be found 
in 1 15|. Again, if x ' s acyclic (H(X;x) = 0) the Ray-Singer norm $3} is a topological invariant: 
it does not depend on the choice of the metric on X and %, used in the construction. If X is a 
complex manifold (smooth C°° -manifold, or topological space) then E — > X is the induced complex 
(or smooth, or continuous) vector bundles. We write H p -t(X; 1 &) ~ H a i (X;A p,0 X(g>E) holonomic 
vector bundles A' , X — > X (see UJ] for details). 
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We would like here to shed light on some aspects of the so-called AdS3/CFT2 
correspondence, which plays a very important role in quantum field theory. Indeed, 
it is known that the geometric structure of three-dimensional gravity allows for exact 
computations, since its Euclidean counterpart is locally isomorphic to constant cur- 
vature hyperbolic space. Because of the AdS3/CFT"2 correspondence, one expects a 
correspondence between spectral functions related to Euclidean AdS3 and modular- 
like functions (Poincare series)0 One assumes this correspondence to occur when 
the arguments of the spectral functions take values on a Riemann surface, viewed 
as the conformal boundary of AdS3. According to the holographic principle, strong 
ties exist between certain field theory quantities on the bulk of an AdS3 manifold 
and related quantities on its boundary at infinity. To be more precise, the classes of 
Euclidean AdS3 spaces are quotients of the real hyperbolic space by a discrete group 
(a Schottky group). The boundary of these spaces can be compact oriented surfaces 
with conformal structure (compact complex algebraic curves). A general formula- 
tion of the "Holography Principle" states that there is a correspondence between a 
certain class of fields, their properties and their correlators in the bulk space, where 
gravity propagates, and a class of primary fields, with their properties and correla- 
tors of the conformal theory on the boundary. More precisely, the set of scattering 
poles in 3D coincides with the zeroes of a Selberg-type spectral function |fl7l[T4l . 
Thus, encoded on a Selberg function is the spectrum of a three-dimensional model. 
In the framework of this general principle, we would like to illustrate the correspon- 
dence between spectral functions of hyperbolic three-geometry (its spectrum being 
encoded in the Petterson-Selberg spectral functions) and Poincare series associated 
with the conformal structure in two dimensions. 

Let us consider a three-geometry with an orbifold description // 3 /F. The com- 
plex unimodular group G = SL(2, C) acts on the real hyperbolic three-space // 3 in a 
standard way, namely for (x,y,z) G H 3 and g G G, one has g ■ (x,y,z) = (u,v, w) G H 3 . 

Thus, for r = x + iy, g 



„ -Hv = [(ar + b)(cr + d) + acz 2 } ■ [\cr + d\ 2 -, 

|c| 2 z 2 ]~\ w = z- [\cr + d\ 2 + |c| 2 z 2 ]~' . Here the bar denotes complex conjugation. 
Let r G G be the discrete group of G be defined as 

r = {diag(e 2n7r ( lmT+I ' ReT ), e -2«*(ImT+,ReT)) . n eZ | = | fl „ :nE Z}, 

= diag(e 27r ( ImT+,ReT) , e -2«(taT+ffleT)j _ (5) 

One can define a Selberg-type zeta function for the group F = {g" : n G Z} generated 
by a single hyperbolic element of the form g = diag(e ; , e~ z ), where z = a + iji for 
a, j3 > 0. In fact, we will take a = 2nlmz, j3 = 27rRer. For the standard action of 
SL(2, C) on H 3 , one has 



2 The modular forms in question are the forms for the congruence subgroup of SL(2,Z), which 
is viewed as the group that leaves fixed one of the three non-trivial spin structures on an elliptic 
curve. 
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X 









" 




"cos(/3) 


-sin(j3) 0" 




X 





y 














sin(j3) 


cosQ3) 




y 




z 










e a 







1 




z 



(6) 



Therefore, g is the composition of a rotation in R 2 , with complex eigenvalues 
exp(±;j3), and a dilatation exp(a). The Patterson-Selberg spectral function Zp(s) 
is meromorphic on C and can be attached to // 3 /F. It is given, for Res > 0, by the 
formulas QTIQIIED 



Z r (s):= [ [\-(e i P) kl {e- i P) k "-e-^ +k 2 + ^ a ] 

„ -na(s-l) 

\ogZ r (s) 



4e 



n=\ «[sinh 2 (^) +sin 



(7) 
(8) 



The zeros of Zj- (s) are the complex numbers ^ k = — (fci +%) + i (&i — #2) 
2nin/a, n g Z (for details, see lfl8l ). It can be also shown that the zeta function 
Zr (s) is an entire function of order three and finite type. It is bounded in absolute 
value, for Res > as well as for Res < 0, and can be estimate as follows: 



|Zr(*)|< II eW 11 (l-e ' 1- * 1- ^ 

k l +k 2 <\s\ k l +k 2 >\s\ 



)<C l e 



C 2 \s\- 



(9) 



where C\ and C2 are suitable constants. The first factor on the right hand side of 
(0 yields exponential growth, while the second factor is bounded, what proves the 
required growth estimate. The spectral function Zr (s) is an entire function of order 
three and finite type, and can written as a Hadamard product irP7l 



Z r (s)=e^Yl^-^[7 + ^2+^n 



fez 



(10) 



where £ = ^ n k lt k 2 an d we denote the set of such numbers by E, Q(s) being a poly- 
nomial of degree at most three. It follows from the Hadamard product representation 
of Z r (s) (HOjl that 

^ logZr(sH | ew+ £M£. 

Let us define E(y±it;) := (d / ds)\ogZr {s) fors —y±i^. Then 

*M)-fr-y±V+r ^J$*t_ t) . (12, 

Generating functions. Using the equality sinh 2 (a«/2) + sin 2 (j3«/2) = | sin(«7TT)| 2 : 
\l-q"\ 2 /(4\q\") andEq. §}, we get 
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lognu-*" 

m=£ 



logna-r 4 

m=£ 



iogna+9" 



X>g(l-<7 

m=£ 

log ^ 



Z r (S(l-it 

£io g (i-^ +£ 

m=£ 



= log 



Z r (£(l+/f 



£log(l+?" 



= log 



Zr(§(l 



•n+e 



i og n(i+r +£ ) = Eio g (i+?' 

m=£ m=£ 



log 



Z r ((j(l + ir 



Z r (^(l+/f) 



~ q( e+e >(l-f )\q\-" 
~ x 4n| sin(«7C-r) | 2 

4n| sin(n7TT)| 2 

— z" r ) J ' 

~ (-i)V f+£ )"(i-y)| g |-" 

4«| sin(«7TT)| 2 

f /rj(T)) 



(13) 



(14) 



■if + /tj(t)) 

» (_l)n^+e)«(l_ ? «)| ? |-« 
~j 4n| sin(«7TT)| 2 
■jtj(t)) 



(15) 



— £f + ITl(T)) 



(16) 



where £ G Z + , e G C, t = ReT/ImT, | = £ + e and tj(t) = ±(2t) _1 . Let us next 
introduce some well-known functions and their modular properties under the action 
of 5X(2,Z). The special cases associated with ([Til l, (TBI are (see l20l ): 



/i(«) = 9-*n( 1 -* , " +2 ) 

m>0 



/2(?)=^^ri( i +?" !+2 ) = 

m>o lD{q 1 )riD{q 2 ) 



Mq) = q^U^+v 



m+l\ 



>;>() 



^(g 2 ) 
»7d(?) 



(17) 
(18) 
(19) 



where r\D{q) = ? 1 ' 24 IT«>o(l — q") i s t ne Dedekind Tj-function. The linear span of 
fi(q),fz(q) and/ 3 (^) is SL(2,Z)-invariant J20] (g G 



c a! 



>*'/(*) =/(?3S))- 

As fi(q) ■ f 2 (q) ■ fi(q) = 1, we get <3?(j = 3/2 - (3/2» -#(a = 3/2 - (3/2)it + 
ztj(t)) • <3?((T = 2 — 2/f + /17(f)) = 1 . For a closed oriented hyperbolic three- 
manifolds of the form X = H 3 /F (and any acyclic orthogonal representation of 
7Z\ (X)) a set of useful generating functions is collected in Table 13. ll 
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nz 




-<?" +£ ) = 


Zr(l(H<)) 




= a(,=§(i-*)) 




t ( 


_Zr«(l-«)+l+i(). 


■ 




nz 


e( 


-5"+ E ) = 


Zr(«(l+«0) 




= ^(5=|(l + ft)) 




_Z r (5(l+«)+l-i()_ 


■ 




nz 


t( 


+ <?" +E ) = 


Z r ({(l-if)+ilj(T)) 


= *(<T = §(l-ft)+/1l(T)) 




_Zr«(l-«)+»J7W+l+ft). 




nz 


<( 


+ ?'+ E ) = 


Zr(«(l+<r)+i«lM) 


= ^(ff = ^(l+ft) + !T](T)) 




_z r {^(i+i()+;i)(T)+i-ii)_ 




nz 


<( 


_ ? »+e)n = . 


*(«=«(i-ft))'n^ 


< «(s = (/i + e + l)(l-ft)) 




nz 


e( 




*(j=«(i+ft)) / n^ 


f ^(.v = (n + e+l)(l + ;f)) 




nz 


e( 


+ q" +e f =^{a = S,(\-it) 


+ "7W)*n^/*(<7=(»+e + l)(l-«f) 


fi»?(T)) 


nz 


«( 




= §(1 + ft) + iij (t))' H^*^ = (n+e + 1)(1 + ft) 


f/Tj(T)) 



4 Generalized symmetric products of Af-folds 
4.1 Hilbert schemes and Heisenberg algebras 

Before entering the discussion of the main topic in this section, a short comment 
about Heisenberg algebras and Hilbert schemes will be in order. Preliminary to 
the subject of symmetric products and their connection with spectral functions, we 
briefly explain the relation between the Heisenberg algebra and its representations, 
and the Hilbert scheme of points, mostly following the lines of [21 j. 

To be more specific, note that the infinite dimensional Heisenberg algebra (or, 
simply, the Heisenberg algebra) plays a fundamental role in the representation the- 
ory of affine Lie algebras. An important representation of the Heisenberg algebra is 
the Fock space representation on the polynomial ring of infinitely many variables. 
The degrees of polynomials (with different degree variables) give a direct sum de- 
composition of the representation, which is called weight space decomposition. 

The Hilbert scheme of points on a complex surface appears in algebraic geome- 
try. The Hilbert scheme of points decomposes into infinitely many connected com- 
ponents according to the number of points. Betti numbers of the Hilbert scheme 
have been computed in ll22l . The sum of the Betti numbers of the Hilbert scheme of 
Appoints is equal to the dimension of the subspaces of the Fock space representation 
of degree N. 

Algebraic preliminaries. Let R = Q[pi,p2,---] be the polynomial ring of infinite 
many variables {pj}°° =l - Define P[j] as jd/dpj and P[—j] as a multiplication of pj 
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for each positive j. Then, the commutation relation holds: [P[i] , P[j] ] = /<5, +; -.o ld R , 
i, j G Z/{0}. We define the infinite dimensional Heisenberg algebra as the Lie alge- 
bra generated by P[j] and K with defining relation 

[p[i\,p[j]] = iS i+Jfi K R , [p[H,k]=o, i,jez/{0}. (l) 

The above R labels the representation. If 1 6 R is the constant polynomial, then 
P[i\\ =0,ieZ + and 

R = S V w{P[-h]---P[-j k ] \ |£gZ + u{0}, j\,...,j k eZ+}. (2) 

1 is a highest weight vector. This is known in physics as the bosonic Fock space. 
The operators P[j] (j < 0) (P[j](j > 0)) are the creation (annihilation) opera- 
tors, while 1 is the vacuum vector. Define the degree operator & : R — > R by 

@(p'" [ P2 2 ■ ■•) d = (Y,i' m i)p'i l P™ 2 ■■■ The representation R has @ eigenspace de- 
composition; the eigenspace with eigenvalue N has a basis p'" 1 p™ 2 ■ ■ ■ (L; imf) = N. 
Recall that a partition of N is defined by a non-increasing sequence of non-negative 
integers V\ > V2 > ... such that Y<£ v t =N. One can represent v as (l mi ,2'" 2 ,- • •) 
(where 1 appears m.\ -times, 2 appears ra2-times, and so on, in the sequence). There- 
fore, elements of the basis corresponds bijectively to a partition v. The generating 
function of eigenspace dimensions, or the character in the terminology of represen- 
tation theory, is known to have the form 

Tr R q® d = £ q N dim{r^R \ &r = Nr } = f\(l - q")' 1 . (3) 

N>0 n=l 

Let us define now the Heisenberg algebra associated with a finite dimensional Q- 
vector space V with non-degenerate symmetric bilinear form ( , ). Let W = (V ® 
t Q[t}) © (V®f _1 Q[f~']), then define a skew-symmetric bilinear form on W by (r® 
t l , 5® t J ') = iSj+jfi(r,s). The Heisenberg algebra associated with V can be defined as 
follows: take the quotient of the free algebra A(W) divided by the ideal 3 generated 
by [r, s] — (r, s) 1 (r, s G W). It is clear that when V — Q one has the above Heisenberg 
algebra. For an orthogonal basis {rj}j =i the Heisenberg algebra associated with V 
is isomorphic to the tensor product of /^-copies of the above Heisenberg algebra. 

Let us consider next the ™/;>er-version of the Heisenberg algebra, known as the 
super-Heisenberg algebra. The initial data are constituted by a vector space, V, 
with decomposition V = V even © V dd, and a non-degenerate bilinear form satisfy- 
ing (r,s) = (—l)\ r " s \(r,s). In this formula, r,s are either elements of Veven or V dd, 
while |r| = if r G Veven and \r\ = 1 if r € Vodd- As above, we can define W, the 
bilinear form on W, and A(W)/J, where now we replace the Lie bracket [ , ] by the 
super-Lie bracket. In addition, to construct the free-super Lie algebra in the tensor 
algebra, we set (r ® f, s ® f) = (r ® t') (s <8 t j ) + (s ®t j )(r ®t i ) for r, s G Vodd- By 
generalizing the representation on the space of polynomials of infinite many vari- 
ables one can get a representation of the super-Heisenberg algebra on the symmetric 
algebra R = S*(V g>f Q[f]) of the positive degree part V <8 1 Q [t]. As above, we can 
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define the degree operator Si. The following character formulas hold: 

s> _yr (l+g") dimV ° dd _ ®{a = l-it + iri{z)) dimV ^ 

TRq _ 11 (J _^n)dimVeven ~ gg(s = 1 _ /f )dimV cve „ ' ^ 

STr/^® = f[(l ? ")diniV odd -dimVeven = gg( g = { _ ^dimV^-dimVeven ; (5) 
n=l 

where we have counted the odd degree part by — 1 and replaced the usual trace by 
the super- trace H 

If we consider the generating function of the Poincare polynomials associated 
with sets of points we get the character of the Fock space representation of the 
Heisenberg algebra. This is, in general, the integrable highest weight representation 
of the corresponding affine Lie algebra and is known to have modular invariance, 
as was proven in J23). This occurrence is naturally explained through the relation to 
partition functions of conformal field theory on a torus. In this connection, the affine 
Lie algebra has a close relationship to conformal field theory. 



4.2 One-dimensional higher variety 

Let us consider the A^-fold symmetric product & N X of a Kahler manifold X, that is 
the & N X = [X n /&n] :—X x ■■■ xX /Gn orbifold space, being the symmetric 

N 

group of N elements. Objects of the category of the orbispace [X N /&n] are the N- 
tuples (jci, . . . ,Xjv) of points in X; arrows are elements of the form (jci, . . . ,xn; a), 
where a E ©at. In addition, the arrow (xi , . . . ,xjf', o) has as its source {x\ , . . . ,Xjv), 
and as its target (x a m, ■ ■ ■ >^ct(m)- This category is a groupoid for the inverse of 
(jci , ,Xff\ a) is (%m,. . . ,x a (N)' (The orbispace as a groupoid has been de- 
scribes in ll24l |251 ). For a one-dimensional higher variety (i.e. for a surface) the 
following results hold: 

• For a Riemann surface (dimX = 1) & N X and X N are isomorphic under the 
Hilbert-Chow morphism. 

• If X is a nonsingular quasi-projective surface, the Hilbert-Chow morphism n : 
x w e N x gives a resolution of the singularities of the symmetric product 



3 In the case when V has the one-dimensional odd degree part only (the bilinear form is (r, r) = 1 
for a nonzero vector r € V) and the above condition is not satisfied, we can modify the definition 
of the corresponding super-Heisenberg algebra by changing the bilinear form on W as (r (X) t' , r ® 
t 1 ) = 5, +J .o- The resulting algebra is termed an infinite dimensional Clifford algebra. The above 
representation R is the fermionie Fock space in physics and it can be modified as follows: the 
representation of the even degree part was realized as the space of polynomials of infinity many 
variables; the Clifford algebra is realized on the exterior algebra R = A*(0 7 Qrfp ; ) of a vector 
space with a basis of infinitely many vectors. For j > we define rig)/~ J as an exterior product of 
d pj , and r<S)t J as an interior product of d/dp/. 



On Partition Functions of Hyperbolic Three-Geometry and Associated Hilbert Schemes 13 



& N X ||25). In particular, is a nonsingular quasi-projective variety of dimen- 
sion 2N. 

• IfX has a symplectic form, X^ has also a symplectic form. For N ~2 this has 
been proven in J27), for N general in (28). 

• The generating function of the Poincare polynomials P r (X M ) of X ^ is given by 

v'Tn ' „ = 1 (1 - r 2 "- 2 q") b o(X) (1 - r 2n^n)& 2 (X) (1 _ r 2n+2 q r,y H {X) 



N=0 

= n>=l,2 ^(g = fc;-l(l-/0 + /T?(T))^-'^ 
n,-=l,2,3^(*=& 7 '-2(l-^))^- 2(X) 

where §27-1 = J - 1 /2, £27-2 = 7 — 1 and r = exp(jn'T). 



(6) 



4.3 Equivariant K-theory, wreath products 

We study here a direct sum of the equivariant K-groups JFr(X) := ®N>oKr N (X ) 
associated with a topological F-space ID. F is a finite group and the wreath (semi- 
direct) product fjv x ©at acts naturally on the Mh Cartesian product X N . One can 
calculate the torsion free part of K°(Y) (where F acts on Y and F is a finite group) 
by localizing on the prime ideals of /?(F), the representation ring of F (for details, 
see J29)) Kp(Y) = {y} K' (Y?fr , where £ r „ (X N ) = K r „ (X N ) <g> C. Here {7} runs 
over the conjugacy classes of elements in F, are the fixed point loci of 7 and Fy 
is the centralizer of 7 in F. The fixed point set {X N }Y is isomorphic toX N = X** nNn , 
ye& N , and F r ^ fin <5jv„ x (Z/n)^ . The cyclic groups Z/n act trivially in A"* (X^) 
and therefore the following decomposition for the ,^-equivariant /<f-theory holds 
(30) 

^ , (6 N X) = 0^*((6' v )'')) r i'^ (g)/?'^") 6 "" . (7) 

{y} EniV„=iV n 

As an example of such K-group we here analyze the group K~ (X N ) which has 

HTn 

been introduced in Q). The semi-direct product F^ can be extended to the action of 
a larger finite supergroup HTn, which is a double cover of the semi-direct product 
(F x TLj) N x &n- The category of //F^-equivariant spin vector superbundles over 
X N is the category of F^-equivariant vector bundles E over X N such that E carries a 
supermodule structure with respect to the complex Clifford algebra of r ank nE 

It has been shown U that the following statements hold: (i) The direct sum 
JFf(X) := ®N = oKjj r (X N ) carries naturally a Hopf algebra structure, (ii) It is iso- 
morphic to the Fock space of a twisted Heisenberg superalgebra (in this section 



4 A fundamental example of Hr^-vector superbundles over X N (X compact) is the following: given 
a _T-vector bundle V over X, consider the vector superbundle V © V over X with the natural Z2- 
grading. One can endow the Mh outer tensor product (V ffi v) MN with a natural //f^-equivariant 
vector superbundle structure over X . 



14 



A. A. Bytsenko and E. Elizalde 



super means Z?-graded) associated with K~ (X) = Kp (X). (iii) If X is a point, the 

K-group K_fir ) becomes the Grothendieck group of spin supermudules of HT^. 

Such a twisted Heisenberg algebra has played an important role in the theory of 
affine Kac-Moody algebras OTTl . The structure of the space JPf(X) under consid- 
eration can be modeled on the ring X2c of symmetric functions with a linear basis 
given by the so-called Schur g-functions (or equivalently on the direct sum of the 
spin representation ring of HTn for all AO- The graded dimension of the ring Qc is 
given by the denominator Iln=o(l — <? 2 " -1 ) -1 . On the basis of Gottsche's formula 
ll22ll it has been conjectured [|32l that the direct sum J%?(S) of homology groups 
for Hilbert scheme of N points on a (quasi-)projective surface S should carry 
the structure of the Fock space of a Heisenberg algebra, which was realized subse- 
quently in a geometric way l33l [34l . Parallel algebraic structures such as Hopf al- 
gebra, vertex operators, and Heisenberg algebra as part of vertex algebra structures 
II35II3TI have naturally showed up in Jtf?(S) as well as in &r(X). If S is a suitable 
resolution of singularities of an orbifold X/T, there appears close connections be- 
tween Jf?(S) and #rP0 ID- In fact the special case of F trivial is closely related 
to the analysis considered in [36]. It would be interesting to find some applications 
of results discussed above in string theory. 

The generating function. The orbifold Euler number e(X,T) was introduced in 
11371 in the study of orbifold string theory and it has been interpreted as the Euler 
number of the equivariant K-group Kr(X) [38). Define the Euler number of the 
generalized symmetric product to be the difference e(X N ,-HT#) := dimK~ ® (X N ) — 

Hl„ 

dim*-' 1 (X N ), the series Y^ =0 q N e(X N ,Hr N ) can be written in terms of spectral 
functions: 

q"e(X'\Hr N ) = [[{1 - q ">-L)-^ > = q -- 

N=0 



e(x,r) 



£ q N e(X N ,Hr N ) = - q 2 »-Y eiXT) = q-*(q-l)Ml) 

= 3f\s= l/2-(l/2)it)- e{xr K (8) 

One can give an explicit description of J^f(X) as a graded algebra. Indeed, the 
following statement holds [T): As a (Z + x Z2)-graded algebra, &f (X,q) is isomor- 
phic to the supersymmetric algebra & (®aLi q 2N ^ 1 K r (X)y In particular, 

» (1 , 2n-Udim4(X) 

dim q ^ r (X) = V\^-1 >- w — 

' r y ' 11 „2n-l\dim«0(X) 



„=1 (l-^-lJ^rl- 
[M(a = 1/2 - (1 /2)it + (1 /2)/77(T))] d,ra ^ (x) 



1/2- (1/2)*)] 



dimx£(X) 



(9) 



where the supersymmetric algebra is equal to the tensor product of the symmetric 
algebra 6 (®^ =1 q 2N ^ l K^ r {X)) and the exterior algebra A (©# = , q m ~ l K} r {X)). 
In the case when X pt is a point we have 
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£ q N Axm^ r {X pt ) = f[(l - q 2 "- l y lnl = Ms = 1/2- (l/2>-0r ln| • (10) 

N>0 n=l 

In ( [Tol l F is a finite group with r+ 1 conjugacy classes; F* := {/;}y = o is the set 
of complex irreducible characters, where Jq denotes the trivial character. By F* we 
denote the set of conjugacy classes. 



5 Conclusions 

Having advocated in this paper the basic role of modular forms and spectral func- 
tions with their connection to Lie algebra cohomologies anf K-theory methods, we 
are now, in concluding, naturally led to other crucial problems, related to the de- 
formation procedure. For instance, one might ask whether the form of the partition 
functions could be algebraically interpreted by means of infinitesimal deformations 
of the corresponding Lie algebras. No doubt this analysis will require a new degree 
of mathematical sophistication. Perhaps all the concepts of what could eventually be 
called the "deformation theory of everything" might be possibly tested in the case of 
associative algebras, which are algebras over operads J39J . In many examples deal- 
ing with algebras over operads, arguments of the universality of associative algebras 
are called forth. This strongly suggests that a connection between the deformation 
theory (deformed partition functions) and algebras over operads might exist. We 
expect to be able to discuss this key problem in forthcoming work. 
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